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Supervised classification

We observe independent copies (X;, Y;), 1 < i <n of a couple of
random variables (X, Y), where X € R? and Y € {—1,+1}. We
would like to relate the empirical error rate of these labeled data

/]1((3:,«9>y <0)dP(z,y)

n

where P = — 25( X;,v;) is the empirical measure, with its
i=1

expectation

/]l((ac,@)y <0)dP(z,y),

where P is the joint distribution of (X, Y).



PAC-Bayes margin error bounds
after Langford, Shawe-Taylor, and McAllester

Let us introduce the Gaussian perturbation of the parameter 6
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It is such that

H i 10) = [ o(c dpo)ig = 0]



The perturbation of the loss function can be computed
explicitly :

\/B<fva9>y>’

]

/ll((x,0'>y < O)due(ﬁ’) = s0<

where

o(a) = [l+w(2ﬂ)1/2exp(—t2/2)dt.



More interestingly, the error function itself is upper-bounded by
the perturbation of the error function with margin

J (el .0y < 1)dao(®)
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so that
P((X.0)Y <0) < [1-p(/B)]
X ]E(/]l(HxH_l(X,G’) Y < 1) dpug(0")
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This opens the possibility to use the following PAC-Bayes
inequality :

exp( [ 1000 = # (ospo) ) < [ explh(6))duo(®).

according to it

]E<exp{ sup n\ [% <IP(||X||—1<X,0’> Y < 1))

R
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where @) (p) = —)\_llog[l —p+pexp(—A)].



With probability at least 1 —e, for any 6 € R¢,
P1((X,0)Y <0)] < [1-¢(vB)] "
X%{¢f{/?ﬂ¢3WﬂFW%9M1ﬂdP@40
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where B(q,e,€) =

+2{6+log[1;g( n)?/el}

cosh[log(n)™* ] , for a suitable choice of A.



As a consequence, for any radius R > 0, with probability at
least 1 —e¢, for any # € R¢,

P[1((X,0)Y <0)] < [1—o(v/B)]
2
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@(\/B)}, where ||z]|z = max{R, |[z]|}.



Assume that P(||X —¢|| < R) =1, for some ¢ € R? and R € R .
With probability at least 1 —e, for any 6 € R?%, any v € R such
that minizlr,_,n<9,Xi> <~v< maxizl,“.’n(G,Xﬁ,

P[((6.X) 7)Y <0 < it [1—o(VA)]
15ro]?

inf @ U [1=y({0,2) =7)] , dP (2, y) + —

+bg(’iHAAV€)+<p(\/B) :



Gram matrix estimate

Let X; € ]Rd, 1 < i <n be vector valued i.i.d. random variables
with common distribution P € .} (R?).
Question : Estimate the quadratic form

N(B) = /<x,9>2d11>(x)

for all # € R?, or equivalently all § € S;, the sphere of R¢.
This is a way to estimate the expected Gram matrix

G [ 227 dP(z),

since N(0) = 0'GH. We will assume that

/HxH?dIP(w) = Tr(G) < +oc.



Let us introduce the influence function

log(2),
Y(z) =< —log(1l—2z+22/2),
—’QZ)(—Z),



z +— 1 (z), compared with z — 2z
zlog(1+2+22/2), and z — —log(1 — 2 +22/2)



It is symmetric, non decreasing, bounded and satisfies for any
z €R,

—log(1—2z+422/2) <4(2) <log(1+z+2%/2),

—log(2) < 9(z) <log(2).



Dimension dependent bounds

_ 1
Let P=-) 0x and
e n;Xlan

=2 [ B[ A (0.0~ 1) | dP(2),
where A > 0 will be chosen later. Let us consider the estimator
N(@#)=a(0)"2, where @&(f)=sup{aecR; :r\(af)<0}.
This is justified by the fact that

YdP®"™ = N(6) — 1.
)1\13%7’)\ (0)



Proposition
J0.2)' e ()
Let us assume that kK = sup

00 ( / (9,x>2d]P(x)>
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For any e >0, any n such that

(27\ﬁ+\/7\/10g e 1)

with probability at least 1 — 2e, for any 6 € R4,

N(0) _1‘ oI
N(9)

—1-2u’
2k —1 2% x 89 d
UJhe?"@M:\/ (Kn )[log(e‘l)ﬂ.ndh\/ﬂt&.




Obtaining a true quadratic form
Let us assume that with probability 1 — 2e,
B_() < N() <B,(0), 6cR™

Let © C R? be any finite set (e.g. a d-net of Sy). Let

G=Y¢0)097, where §€argmin% > &(61)E(02)(61,62)°

0co (61,02)€0?2

_ 25 ﬂjqf(g)‘w.

0cO 2

Then with probability at least 1 — 2e,
I1GI3 = Te(GGT) < Te(GGT) < Tr(G)?,
so that 0] GOy — 0] GO, < 2Tr(G)||02 —01]],01,02 € R?
and B_(#) <0' GO < B,(0), 0ecO.



Proof

G minimizes

sup §”GH2
€406 >0
+) &4(0) ) =07 GO +£-(0)[07 GO — B4(0)]
6c6

and there is no duality gap, so you can minimize in G first and
then as £, (0)¢_(0) =0, you can assume that £_(6)¢4(6) =0 and
introduce £(8) = &+ (6) —€_(6), so that |£(0)| =& (6) +£_(0).



Least square regression estimator

Let (X, Y) be a random vector, where X € R? and Y € R. Let
(X;,Y:), 1 <i<n beindependent copies of (X, Y) and

R(O) =B[((0,X) - V)?].

Introduce the quadratic form N(6,v) = E{((G,X} —ny)Q}.

Assume that N (6,7) is a quadratic estimator of N(6,7) and
n > 0 a small real parameter such that with probability at least

N(6

1—2e, A( ) —1‘ <. Let 0, € argmin R and

~ N(0,7)

f € arg gnirb N(6,1). With probability at least 1 — 2e,
€R

(1—n)N(0—06,,0) < N(6—6,,0) = R(6) — R(6,)

2 2 2
T NG <2

<
“1-9 1—n (1—n)?




Proof : Let us put R(0) = N(0,1).

~ ~

O—sup{4(R(0+9') R(é-e’)), o N(¢,0) < R(O)

——

> sup{i(R(g—l— o) R(O-10)) - U (RO+0)+RO-0)),

> sup{E<<§— 9*,X><9/,X>) —77]/%(5)7
0': N(0',0) < (1—n)R( )},

Taking ¢ = (0 —0,), and using N (6 —6,,0) = R(6) — R(6,), we
get

0>1/(1—n)R(O)[R(B) - R(6,)] —nR (D).



Dimension free bounds (Joint work with laria Giulini)

With probability 1 — 2e, for any § € R?, and some estimator N
to be described in the proof,

]1(4M<1)‘1‘§

where, for n < 1029,

e \/2.07(;—1) [log(€1)+4.3+ 1.6 x H0||2’I‘1-(G)}

N(0)
92Tr(G)
J— X S
n N(0)
Let us recall that Tr(G /HxHZdIP Z (0;), for any

orthogonal basis (6;,1 <i < n)



Proof

Let r\(0) = /¢((0,:1:>2 —A)dP(z). Consider the Gaussian

parameter perturbations g = A4(6,3711,), where I is the
identity matrix of size d x d. Let

a(f) =sup{a € Ry : r\(af) <0}.

Proposition
_ _15
Let c = Tou(T) <11.
2
$((0,2)* =) < /log[l—i— (O, z)% -\ — ng”

)

27 (4 2, Sllel? :
+ 20 (40,2024 250 ) | a0,



Indeed,
111(/hdp) < /@ZJ(h)dp+min{log(4),Var(hdp)},

because y — ¥(y) + (y — fhdp)2 is convex, since 9" (y) > —2.
As moreover

_ [ oy el
(0,95)2—)\—/<«9,x>2d7r9(9)—)\ o

we get

x 2
w22 r< w007 el _ ) dm@)
4||x\|2<9,w>2+2\|wu4}

B p?

+ min{log(4),



Lemma
If W~ (0,02,
min{a, bm?+c} < E(min{Qa,%(m—i— W)?2 4+2b0% + c}),
a,b,ce Ry,meR.
The proof of this lemma is based on the inequalities

m? <2(m+ W)?+2W? and

min{a,y + 2z} <min{a,y} +min{a, 2}
<min{2a,y+2}, a,y,z€R;.



Accordingly

9 < o072 ) amo)

. 8ll=)1*(¢",»)* | 10]=]* :
+/m1n{410g(2)7 3 + 2 }dm(&).




We will now use

Lemma

For any a,b,y,€ Ry and c = %[exp(b) -1],

log(a) 4+ min{b,y} <log(a+ cy).

Applying this lemma to a <2, b =4log(2), and the
corresponding ¢ = ﬁ ends the proof of the previous
proposition.



PAC-Bayes bound

Proposition

For any measure v € A} (©), real number a > —1 and any
measurable function f: 2 x © — [a, 400, with probability at
least 1 —¢, for any p € ML(O) such that K (p,v) < oo

/log 1+ f(z,0)] dp(6)dP(z /f +,60)dp(8) dP ()
+J£/( ) )—log(e)‘

n

The proof is based on the fact that

/hdp ) < log(/exp(h)dy),

for any upper-bounded measurable function h: 0 — R.



We get with probability 1 — ¢, for any 6 € R¢,

Jol.2)2 -0 dP) < [ |02~ x

5 (022 -2+ 302701+ Slel?)

2¢||z||* (9= |]? 2
+ 20 (5 +4(0,2) )1 dP ()

L BlOI | tog(e™)
2n n

Using the Cauchy-Schwartz inequality will make the following
quantities appear



sa=(f \\x\\4dw<x>)1/4,

K= sup{/<0,$>4dIP(x),0 eR%s. t. /(9,x>2dIP(:U) = 1},

KA
§ 77
T=AK—-1)+ ;(1+4c)sf\f

A p 1418¢)st  log[v(),
77:2(H—1)+ﬁ(1+4c)sf\/ﬁ+( +/82>\c)s4 _ Og[yfl)\ B)e]
P



Proposition

With probability at least 1 — 2¢, for any 6 € R?,

2
(;49) SS(N(H)aQ—l) +(1+fy)<N§9)a2—1)+n+5\l9\2a27

S

%

() o A

N AHWW
N(O)




Let

oA
n+ = oA
d_ =z(1————2—— J1(&£— — <1
(2) z< Hv_n_éj) (€=v+nt+=—<1),
oA —1
_ n+= 20\

Replacing N (#) with ®_(\/a?) in the first inequality of the
previous proposition and A/a? with ®; [N ()] in the second
inequality, we can prove that



Proposition
With probability at least 1 —2¢, for any 6 € R?,

A a1 A
— 2 )< < 2 )= B..
B_ Sup<I>< ) <N() < 1)\1}6f<1>+ (&2> By

W AN
-~ B_+B
Let us put N(0) = %, we get with probability at least

1—2¢, for any A\, 5 € Ry,

N@) - N < X =B N-®_(\a?) _N(0) - o®,[N ()]
< ; < :
_ 87 (VaY) - N(O) _ @3 0@ [N(9)] - N(0)




oA
=n-+— , we can prove

and ¢(z)

that



From this we can deduce
Proposition
With probablity at least 1 —2¢, for any 6 € R,

c(N(9))

1[4¢(N(6)) <1]|N(0)~ N(9)| < N(G)m.

The announced result is then obtained by optimizing the value
of ¢(N(0)) by appropriate choices of X and §.



