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As a prerequisite, we will recall Chernoft’s deviation bound for sums of
independent random variables and its consequences. We will then proceed
to PAC-Bayes uniform bounds on sums of independent random variables de-
pending on a parameter. These bounds apply to parameter estimators based
on the minimization of an empirical risk function. In the third section, we
will focus on supervised classification, and in the last section more specifically
on Support Vector Machines.

1. DEVIATIONS OF SUMS OF INDEPENDENT RANDOM VARIABLES

Let X;, 1 <17 < n be a sample of independent real valued random vari-

ables, and let
def 1 _

be their empirical mean. We will study the deviations of M with respect to
its mean (under hypotheses ensuring that it exists). When this is meaningful,
we will set

e pon) = LS E(X
m = B(M) = ~ ;E(XZ).
Consider the moment generating functions
6i(N) = log{ E[exp(\X)] }
1 n
P == ().
i=1

CNRS — UMR 8553, Département de Mathématiques et Applications,
Ecole Normale Supérieure, 45, rue d’Ulm, F75230 Paris cedex 05,
and INRIA Paris-Rocquencourt — CLASSIC team.

JuLy 23, 2014 OLIVIER CATONI



These are convex functions, taking their values in R U {400}, and sending
zero to zero. Let us consider the dual function

*(z) = sup Ax —(N\) € Ry U {+oo}.

AeR

PROPOSITION 1.1 The deviations of the empirical mean M are such that
P(M > z) < exp|—ny*(z)].

PROOF. Let us remark that no hypothesis is needed, because m is not
involved explicitly in this result and because ¥*(x) = 0 is possible, in which
case the result is trivial. The proof is based on the fact that for any z € R,
1(z > 1) < z. Indeed

P(M > z) = B{1[exp(nA(M - 2)) > 1] |
< Elexp(nA(M — z))]
= exp{n[¢()\) — Az}, Ae Ry
Consequently,
P(M >z) < AierllRf+ exp{n[Y(A) — Az]} = exp(—nv*(z)).
0J

PROPOSITION 1.2 Let us put A; = sup{)\ € R, (M) < +oo} and A =
min{Ay,..., A, }. For any X € [0, Ay, ¢;(\) < 400 and the function 1; is of
class € on the interval |0, A;[. If, moreover, E(]|X;|¥) < oo, the function 1,
is of class C* on [0, Ay[.

PROOF. Let us put ¢;(A) = E[exp(AX;)]. Let us consider some \ €
[0,A;[. By definition of A;, there is § €]\, A;[ such that ¥;(8) < oo, and

therefore, ;(/3) < co. From Jensen’s inequality,

+o0 > E[exp(ﬁXi)] = E{ [exp()\Xi)]ﬁ//\} > {E[exp()\Xi)] }ﬁ//\’

proving that ¢;(\) < oo, and therefore that ¢;(\) < co. Let us remark that

X/ exp(BX;) = X! exp(aX;) +/ Xi exp(AX;) dA,

O<a<p<A, j>1.
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Moreover A
IE){ sup | X/ exp()\Xi)|} < 00
A€ (o]

Indeed, let us consider v €]3, A;[ and
C, = sup 2’ exp[—(v — 5)x},
zeR
Cy = sup 2’ exp(—ax).
zeR 4
Cs, X; <0.
Consequently,

]E{ sup ’Xf exp()\Xi)’} < C’lE[exp(in)} + Oy < o0.
A€, ]

We can therefore use Fubini’s theorem and write

: : A
]E[Xl?*l exp(ﬁX)} = IE)[)(;f1 exp(aXi)} + E(/ X/ exp(A\X;) d)\>

= ]E[Xij_1 exp(aX;)] + /B ]E[Xf exp(AX;)] dA.
From Lebesgue’s dominated convergence theorem, A\ +— E(Xf exp()\Xi)} :
[a, B] — R is continuous, therefore 3 — I[*][Xij_1 exp(ﬁXi)} is of class C!,
and its derivative is ]E[XZ] exp(ﬂXj)}, therefore 3 +— E[exp(ﬁXi)} is of class
C* on |0, A;[ and so is ;.
Let us now assume moreover that ]E[]Xl\k} < oo. In this case we can in
the same way prove that for any 5 €]0, A,

B sup [/ o3} < CUBlexp(0X)] + BXP) < o,
A€[0,8]

Consequently, for any 3 € [0, Ay,

. . B .
E[X] exp(8X;)] = B(X] ") + / E[X] exp(A\X,)] ), 1<j<k,

0

so that ¢; and 1; are of class C* on the interval [0, A;[. O
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PROPOSITION 1.3 Let us assume that ]E(Xf) < oo and that A; > 0. The
second derivative of 1; can be seen as a variance:

G0N = ]E[Xf exp()\Xi)} B (E[Xl exp(AX;

Iy |
E[exp(AX;)] E[exp(AX,)] ) ) 0<A<A,;,

moreover
A
() = AB(X;) +/ A—a)!(a)da, 0<A<A;
0

PROOF. According to the previous proposition, v; is of class €% on [0, A;]

and
E[X; exp(AX;)]

E[exp()\Xi)}

Ui(A) =

Taking one more derivative, we get the expression of ¢! given in the propo-
sition. Let us consider the random variable Y; distributed according to the
probability measure

E[1(X; € A) exp(\X;)]
E[exp(AX;)] 7

P(Y; e A) =
for any Borel set A. For any measurable function f satisfying E[| f(X;)| exp(AX;)] <
00, it is such that

E[f<X1) eXp()\Xi)]
E[exp(AX;)]

E[f(Y)] =

This shows that ¢/(\) = E(Y?) — ]E(Y;-)2 can indeed be expressed as a
variance. The second part of the proposition is obtained using a Taylor
expansion with integral reminder, namely

A
Pi(N) = ;(0) + ML(0) + /0 (A — )] («) da.
]

PROPOSITION 1.4 Let us assume that A > 0 and that E(Xf) <o00,1<i<
n. Let us put
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V)L sup V(8),
BE[0,]

Vo) =5 3 B{ - B’}

let us remark that V' is a continuous non decreasing function with values in
R + U{+o0}. Under these hypotheses

P(M>m+z) < eXp(-#jv))

P<M2m+ mog(e—l)V( zlog<e—1>) ) <

3

n nv
PROOF. For any 0 < g < A,
52

Yrm + ) 2 fr — - V(A),

so that
2
We get the first part of the inequality, choosing A = /v and f = x/V(\) < .
2

To get the second part, let us put € = exp [—n (ﬁx — %V(A))} We get
first that

P(M>m+x) < exp[ (ﬁx— 5—21/( ))}

]P(M> +5V(A) log(‘1)><€’

[21og(e~1) 2log(e!
and from there, we conclude, choosing A = og = ﬂ.
nV ()

U

PROPOSITION 1.5 (BENNETT’S INEQUALITY) Let us assume that E(X?) <
oo and that X; < E(X;) +b, 1 <i <n. Let us introduce the function

2
u
h(u) = (1 log(1 —u> — .
(u) = (1 +u)log(l +u) u_2(1+u/3), ue Ry
Under these hypotheses,

P(M >m+x) <exp [—b—h(bj)} < exp(—n—xQ>,

2bx
2v + 3

1 1N\ —1/2
P<M2m+ 2vlog(e )(1_£ 2vlog(e ) )SE-

n 3v n
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PROOF. Let us remark first that for any A € R+,
* 1 -
Y (m+x) > Mz +m) — - ; log [E (exp(AX;))]
1 n
= \r — - ;log{E[exp(A(Xi — mz))] },

where m; oo E(X;). We can then write

Elexp(A(X; —my))] — 1 = Efexp(A(X; — my)) — 1 = X(X; — my)]
= E[N(X; —mi)?g(MXi —my))]

where g(y) = y~?(exp(y) — 1 — y). The function g is non decreasing on R.
Using a Taylor expansion of order two of the function z — exp(yz) between
0 and 1, we see that it can indeed be written as

9(y) = /0 (1—2)exp(yz)dz, yeR.
Consequently

Therefore,

log{IE[exp(/\(Xi —m;))] } < Ng(A)E[(X; —my)?].
Thus,

H(m+ 1) > A — Nug(Ab) = Az — :—2(exp()\b) —1- ).

b
Let us choose A\ = b~ log (1 + —m>, to get
v

o)z (),

(%
2

(1 +u/3)
/(u

Let us show now that h(u) > 51
derivatives of h, h'(u) = log(14u), h"(u) = 1/(14+u), and then the derivatives

, u > —1. Let us compute the
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of f(u) = (1+4u/3)h(u) —u?/2. We get f'(u) = h'(u)(1+u/3) + h(u)/3 — u.
Thus f'(0) =0 and

£ () = B (w)(1 + u/3) + 20 () /3 — 1 = 111“1{3 + ; log(1+u) — 1
2 o 2u o 2h(u) B
_glog(l+u) 3(1—|—u)_3(1—|—u)20’ u > —1.

The convex function f, sending zero to zero, with a null first derivative at
zero, is therefore everywhere non negative.

et us put e = exp| ——— ). We ge
p P %N ng g
2vlog(e™! 2
9 vlog(e )(1 bx )
n 3vx

-1 2 —1y\ —1/2
< 2vlog(e (1 N bi<21) log(e )) )
n 3v n

We deduce that

-1

—1 —1

2 < 2vlog(e™) <1 b [2vlog(e )) |
n 3v n

proving the second inequality of the proposition. [J

PROPOSITION 1.6 (HOEFFDING’S INEQUALITY) Let us assume that a; <
X; <b;, 1 <i<n. In this case,

2 2,.2
P12 m+a) <ol )
=1\ ?

P0w2m+¢ZL@—mW%kﬂ)ge

2n2

PROOF. The second derivative of 1; is the variance of a random variable

taking its values in the interval [a;,b;]. It cannot therefore be larger than
P
(b; — a;)?/4. Consequently, ¥(\) < Am + ) Z(bZ — a;)?, and therefore
i=1
2nz?
Y (m+x) > =5 . g
Zi:l(bi —a;)?
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2. PAC-BAYES BOUNDS ON THE UNIFORM DEVIATIONS OF EMPIRICAL
MEANS WITH RESPECT TO THEIR EXPECTATIONS

Let us consider n independent random variables X;, 1 < ¢ < n taking
their values in a measurable space X. Let us also consider a measurable
parameter space © and a measurable function f : X x © — R (which can be

seen as a family of functions from X to R depending on the parameter 6).
Let us assume that

E[f(X;,0)*] < +oo, O, 1<i<n,

and let us put
1 n

m(0) = = S BI(X,0)],
U1, 0) = log{ Eexp[Af(X;,0)] }.
V0 = D0 ),

A =sup{A: () 0) <o0,6 €0}

PROPOSITION 2.1 Let us assume that A > 0. Let v € ML (©) be a reference
measure on the parameter space ©. For any A € [0, A,

E

exp(supf [ a[AB1(6) = 6(0)] ap(6) - X(.0),

p € ML(O),0 — AM(0) — (N, 0) € L'(p), K(p,v) < oo})] < 1.

Consequently, with probability at least 1 — €, for any probability measure p €
ML(O), such that 0 — AM(0) — (A, 0) € L'(p) and K(p,v) < oo,

[ a10)a0) < 5 [0000)dpio) + K2 LB,

PRrROOF. From Jensen’s inequality, whenever p satisfies the hypotheses,
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exp {/@ n[AM () — (X, 0)] dp(6) — K(p, u)}

< [ef{aparo - viro] o ( 20)>0) (%) ano
_ /@ exp{n[AM(0) — (), 0 (d—p ) v(0)

< /@ exp{n[AM(0) — v(1.0)] } dv(6).

We can then apply Fubini’s theorem for non negative functions.

Bfes| sus | [ alaar(6) = 500) ap(6) - x(p.0)| |

peM (O
<FE [ /e exp{n[AM(0) — (7.0)]} dy(e)]
- /@E{exp{n[AM(G) — (N, 0)] }] dv(f) = 1.

The expectation used in the proposition is taken on a function that may not
be measurable, but that is upper bounded by a measurable function with
an expectation not greater than one, this is what the proof shows and this
is also how the proposition should be understood. The second part of the
proposition is a consequence of Markov’s inequality. Here again, the involved
event may not be a measurable set, it should be understood that it contains
a measurable set of probability at least equal to 1 —e. [

Let us put m;(0) = E[f(Xi, Q)L

o0) = = S B{ [0 0) — m()]'},
= 2 [000) — am(6)],

V(X 0) = sup V(8,0)
BE0,A]

and let us assume that v % sup v(f) < oo and V(A) L sup V(A 0) <

0cO 0cO
0<A<A.

PROPOSITION 2.2 Under the previous hypotheses, for any positive constant
C?
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10

E(sup{ / [M(8) — m(8)] dp(9):
p € ML(O),8 = M(8) — m(9) € L' (p), K(p.v) < })

< i WV e 20020
AeoA] 2 AN n n

In particular, when © is a finite set, taking ¢ = log(|©|), p = dp and v(0) =
©|71, 6 € ©, we get

E{sup[M(e) —m(@)]} . J 21og(|®|)v< 2log(|0)) >

) n nv

PROOF. From the proof of the previous proposition, the argument of the
expectation to be bounded is not greater than

% log{/exp [n [AM(0) — (), 9)}} dy(&)} + %(A) + %

and we conclude with the help of Jensen’s inequality. We get in this way the

AV (A 74
first upper bound inf L%—i that we can weaken to get inf ﬂ—i—
AeoA] 2 An 0<A<B 2

2
)\i. To get the second upper bound, we should choose 3 = 4/ “ and
n n

2c
M =0 P

PROPOSITION 2.3 Under the previous hypotheses, for any positive constant
c, with probability at least 1 — e,

sup{ [ [46) = )] dpo)

p € ML(O),0 — M) —m() € L'(O),K(p,v) < c}

Ao 2 An n nv
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11

In particular, when © is a finite set, with probability at least 1 — €

sup[M(0) = m(0)] < 210g(|@|/6)v( 210g(|@|/6)).

6co - n nv

Proor. This is a direct consequence of the second part of Proposition

. . NV (N)
2.1 (page 8) and of the inequality ¥(\,0) < — +Am(0). O

PROPOSITION 2.4 Let us assume that © = By = {6 € R% 0] < 1} and
that there exist two positive constants B and g such that

supf(m,@)—inff(:c,Q)gB, HGIBda
zeX xeX
|f($,6)—f(l',el>’Sg“H—GIH, IEX, evelEBd-

Let us consider the value of the parameter where the empirical risk takes its
minimum value R
0 in M(6).
€ arg min M(6)

With probability at least 1 — e,
~ . d 49 [2n log(2/e)
< inf B —log| 14+ =14/ — L ———
m(f) < Jnf m(0) + \/2n og( + 3\ 3 ) +

2n
d log(2/¢)
+\/; + V' 2n '

Under those simple hypotheses, we see that the quality of the estimation
of gn(:g m(6) by 6 depends on the dimension d of the parameter space, and
€

more precisely of the ratio d/n between this dimension and the sample size.
PROOF. Let us start by extending the domain of f to R?, putting

f(@.0) = f(z,0/]l6]), 0 €R\By.

Let 6 > 0 be a positive real parameter to be set later and v the uniform
measure on the ball (14 9)B, of radius 1+ 0. Let us consider, for all § € By,
the uniform probability measure py on the ball 6 + 0B, centered at 6 and of
radius 6. As the volume of a ball in R¢ is proportional to its radius raised to
the power d, we see that

1+0

K(pg,v) = dlog (T)’ 0 € B,.
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12

From the previous proposition and Hoeffding’s inequality, with probabil-
ity at least 1 — ¢, for any 0 € By,

We deduce, still with probability at least 1 — ¢, that

R R -1 —1
m(B) < M(B) + 205 + B\/leg(l +8) +log(e)

Let 0, € By, such that m(0,) = einle m(6) (it exists, since 6 — m(f) is
€Bq
continuous on the compact set B;). With probability at least 1 — e

M(0.) <m(b.)+ B M.

- 2n

According to the definition of the estimator 8, M(8) < M(6,). Consequently,
with probability at least 1 — 2e,

m(@\) < m(0) + B{\/dlog(l +o7 1)+ log(efl) + M} + 2¢0.

2n 2n

B |d

To conclude, it is enough to choose § = w\'2, and to replace € with €/2.
gV 2n

O

PROPOSITION 2.5 Let us assume that © = R?, and that for some measurable
function (x,0) — V f(z,0) € R and some positive constants g and H,

|f (2, 0) = f(z,0")| < gll6 — &,
|f (2, 0) = f(x,0) = (Vf(x,6),0 — )] < %He’ —0*, zeX, 0,0 €R"

Let 0, € arg glliBn m(0). Let us consider, for any h > 0, the function
€Bq

h
x(h) = sup -0 — 0.]1* — m(6) +m(6.),
0By

Under these hypotheses, the empirical minimizer, 0 e arg min M (0) of m on

0By
the unit ball s such that with probability at least 1 — €
~ 8qg* [ (8H - Ax(h)
—0.P< = |(=—+1 21 ! T
16 — 6,]* < nhQ[( - - )d~|— og (e )} - 7
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13

and m(0) — m(6,) < % [(% + 1)d + 2log(e-1)} + x(h).

In the case when there is h > 0 such that y(h) = 0, we thus get a convergence
speed of order d/n instead of \/d/n, under stronger hypotheses than in the
previous proposition.

Exercice 1 In the case when m(8) — m(6.) > ¢ ||0 — 0.|%, 6 € By, where
¢ >0 and o > 2 what speed do we get?

PROOF. Let us choose pp = N(6,37'I) and v = py,. Let us remark that
K(pg,v) = §||9 — 6.]>. We are going to apply Proposition 2.1 (page 8) to
the function (z,0) — f(x,0.) — f(z,0). From Hoeffding’s inequality,

Ng?16 — 6.

log Eexp{ A[£(X.0.) = F(X,0)] } = A[m(6.) —m(9)] < -

Consequently, with probability at least 1 — ¢, for any 6 € By,

/hwmmm—mms/Mwmwm—M@>
/W o) + OB sl

2nA n

Moreover,

/mwmww—m@

+Et/pm&0waﬂXﬁwwVﬂXﬁxw—w<m4m

Hd

ﬂw OIF dpal) = m(6) - 5.

Hd
In the same way, /M(G’) dpe(8') < M(0) + 5 We deduce that with
probability at least 1 — ¢, for any 6 € By,

m(0) —m(0,) < M(0) — M(0,) + Hd )\QQd )\g

41a 2
< 5 T op T 00l

mw—&w log(e")
+ o2ni + n\x
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h
We can then use the fact that m(6) — m(6,) > 5“9 —0.> = x(h) and that

by construction M (0) < M(0.). We conclude that with probability at least
1—e¢

B~ d A
18— 0.7 < x(h) + —<H+ i)

B 2
+ (P8 2o ),
Thus
= 9*||2(1 - %92 — nih) < QXf(Lh) + %(H+ %92) + %.
Let us then choose \ = % and [ = nT)\h = ILG_};Z We get
e

This gives the first upper bound of the proposition. R
To prove the second upper bound, let us use the fact that |0 — 6,]]* <

% [m(6) — m(6.) + x(h)], to obtain
~ ; A2
m(B) ~m(6.) < 5 (H i 7)
i (A% " %) % [m(@) = m(6.) + x(1)] + %.

We conclude in the same way, replacing A and § by their values. [

3. PAC-BAYES BOUNDS FOR SUPERVISED CLASSIFICATION

In this section, we are given some i.i.d. sample (W;)?; € W", where W is
a measurable space, and some binary measurable loss function L : W x © —
{0,1}, where © is a measurable parameter space. Our aim is to minimize
with respect to 6 € © the expected loss

/L<w,e) AP (w),
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3.1 DEVIATION BOUNDS FOR SUMS OF BERNOULLI RANDOM VARIABLES 15

where P is the marginal distribution of the observed sample (W;)"_,. More

precisely, assuming that IP is unknown, we would like to find an estimator

@\(Whn) depending on the observed sample W1.,, oo (W;)i, such that the

excess risk

/L(wﬁ) dP(w) — inf/L(w,e) dP(w)

0co

is small. The previous quantity is random, since ) depends on the random
sample Wj.,,. Therefore its size can be understood in different ways. Here
we will focus on the deviations of the excess risk. Accordingly, we will look
for estimators providing a small risk with a probability close to one.

A typical example of such a problem is provided by supervised classifi-
cation. In this setting W = X x Y, where Y is a finite set, W; = (X, YY),
where (X;,Y;) are input-output pairs, a family of measurable classification
rules {fs : X — Y;6 € O} is considered and the loss function L(w,6) is
defined as the classification error

L{(z,y).0] = 1[fo(x) # y].

Accordingly the aim is to minimize the expected classification error

Py [fo(X)#Y]

in view of a sample (X;,Y;)", of observations.
The point of view exposed here is a synthesis of the approaches of [9] and

2].

3.1. DEVIATION BOUNDS FOR SUMS OF BERNOULLI RANDOM VARIABLES.
Given some parameter A € R, let us consider the (normalized) log-Laplace
transform of the Bernoulli distribution :

def 1
®x(p) = — log[1 = p+p exp(=A)].
Let us also consider the Kullback-Leibler divergence of two Bernoulli distri-

butions )
def q —q
K(q,p :qlog(—)—i— 1—gq log(—).
(4.7) 1) + (1= q)log( 2

In the sequel P will be the empirical measure

_ 1<
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3.1 DEVIATION BOUNDS FOR SUMS OF BERNOULLI RANDOM VARIABLES 16

of an 1.i.d. sample (W;)%, drawn from P®" € ML (W") (the set of probability
measures on W"). We will use a short notation for integrals, putting for any
p,m € ML(O) and any integrable function f € L; (W xO2PR1T® p)

(P, p.m) = / F(w, 0,0') dP(w) dp(8) d (),

so that for instance L(PP, p) = /L(w, 0) dP(w)dp(0).
Let us recall first Chernoff’s bound.

PRoOPOSITION 3.1 For any fixed value of the parameter 0 € ©, the identity

/exp[—n/\L(F, 9)] dP®" = exp{—n)\q),\ [L(P, 6’)]}
shows that with probability at least 1 — e,
L(P,0) < By [L(P,0),log(e™")/n],
5
— -1 e
where By (q,0) = /\1€I%Rf+ o (q + )\>
ZSUP{pE[O,l] : K(q7p)§5}, q€1[0,1], 6 € Ry.

Moreover
—0q < B(q,0) —q— /20q(1 — q) < 25(1 —q).

In the same way, the identity

/exp [RAL(P, 0)]dP®" = exp{n)\q),,\ [L(P, 9)]}
shows that with probability at least 1 — €

L(P,0) < B_[L(P,0),log(¢ ") /n],

—~

where  B_(q,0) = inf ®_,(q) +

AeR

—sup{pe[0.1]: K(p.o) <3}, qe0.1], e R,

>

and
—0q < B_(q,0) —q— /26q(1 — q) <25(1 — q).

Before proving this proposition, let us mention some important identity.
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3.1 DEVIATION BOUNDS FOR SUMS OF BERNOULLI RANDOM VARIABLES 17

PROPOSITION 3.2 For any probability measures ™ and p defined on the same
measurable space, such that X(p, ) < 0o, and any bounded measurable func-
tion h, let us define the transformed probability measure Texpn)y <K ™ by its
density
ATexp(n) _ exp(h)
dr= Z

where Z = [ exp(h)dm. Let us moreover introduce the notation

Var(hdr) = [(h— [hdr)’dn.

The expectations with respect to p and ™ of h and the log-Laplace transform
of h are linked by the identities

Jhdp —K(p,m) + K(p, Texp(n)) = log[ [ exp(h) dr] (1)
= [hdr + fo (1 —a)Var [h dﬂ'exp(ah)] do. (2)

PROOF. The first identity is a straightforward consequence of the definitions
of Texp(n) and of the Kullback-Leibler divergence function. The second one is
the Taylor expansion of order one with integral remainder of the function

f(a) = log| [ exp(ah) dr],
which says that f(1) = f(0) + f’(0 +f0 a)f"(a)da. O

Exercise 1 Prove that f € C*. Hint : write
h* exp(ah) = hF + / R exp(vh) dy,
0

use Fubini’s theorem to show that a — [ h*exp(ah)dr belongs to C' and
compute its derivative.

Let us come now to the proof of Proposition 3.1 (page 16). Chernoff’s
inequality reads

o, [L(P.0)] - ) < 1B,

n
where the inequality holds with probability at least 1 —e. Since the left-hand
side is non-random, it can be optimized in A, giving

L(PP,0) < B [L(P,0),log(e")/n].
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3.1 DEVIATION BOUNDS FOR SUMS OF BERNOULLI RANDOM VARIABLES 18

Exercise 2 Prove this statement in more details. For any integer k > 1,
consider the event

A = { sup F(\) — k™' > L(P,Q)}a

AeR 4

1 -1
where F(X) = ®,[L(P,0)] — %. Show that P¥"(Ay) < € by choos-

ing some suitable value of A\. Remark that Ay C Agi1 and conclude that
IP@n (UkAk) S €.

Since

o 5 . 1—exp(=Ag—9)
lim ®7! — =1 <1
>\—1>I—II—100 A (q + )\) )\—1>I—II—100 1— exp(—)\) -

B-‘r(Qa 6) S L.
Applying equation (1, page 17) to Bernoulli distributions gives

A®(p) = Aq + K(q,p) — K(q,p»)

where
p

p+(1—p)exp(A)’

Pr =

This shows that

Bi(g.0) =swp{pef0.1] : ®s(p) < g+, AeR,)
= Sup{p €lq,1[: K(g,p) <0+ K(q,p\), A € R+}
:Sup{pe [g;1]: K(g,p) < 5}
—sup{p€[0.1] : K(g.p) <3},

-1

because when ¢ < p < 1 then A\ = log(q1 1
pl—
K(Q7p)\) = 0. 9

0
Let us remark now that mK(x,p) =2 Y1—2)"!. Thusifp>q>1/2,
x
then

) € R, ¢ = p) and therefore

(p—q)?
K(q,p) > my

so that if K(q,p) <4, then

p<q++/25q(1 —q).
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3.2 PAC-BAYES BOUNDS 19

Now if ¢ < 1/2 and p > ¢ then
2
K(g,p) > %’ P12 22(19—_qu
20 —a)*, p=1/2 pll =)
so that if K(q,p) <9, then
(p—q)* < 20p(1 —q),
implying that
p—q<5(1—q)+/26g(1— q) +62(1 — q)2 < \/20¢(1 — q) +26(1 — q).
On the other hand,

(p—q) (b —q)°
MO s gl =00 =)} = 200 -p)

thus when K(q,p) = § with p > ¢, then

(p—q)* > 25q(1 — p),

implying that

p—q > —0q+/20q(1 — q) + 62¢*> > \/26q(1 — q) — bq.

Exercise 3 The second part of Proposition 3.1 (page 16) is proved in the
same way and left as an exercise.

3.2. PAC-BAYES BOUNDS. We are now going to make Proposition 3.1 uni-
form with respect to . The PAC-Bayes approach to this [6, 7, 8, 4] is to
randomize 6, so we will consider now joint distributions on (Wj.,,0), where
the distribution of Wj.,, is still P®™ and the conditional distribution of # given
the sample is given by some transition probability kernel p : W* — M (©),
called in this context a posterior distribution*. This posterior distribution
p will be compared with a prior (meaning non-random) probability measure

e ML(O).

*We will assume that p is a regular conditional probability kernel, meaning that for any
measurable set A the map (ws, ..., w,) — p(wi,...,wy,)(A) is assumed to be measurable.
We will also assume that the o-algebra we consider on © is generated by a countable family
of subsets. See [1][page 50] for more details
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3.2 PAC-BAYES BOUNDS 20

PROPOSITION 3.3 Let us introduce the notation
Bi(q,0) = inf ®;! +§
A, 0) = AeA D q VA
For any prior probability measure m € Mi(@) and any A € Ry,

[ew {M% Afos[L®.p)] - L)} - K] P <1 9

and therefore for any finite set A C R, with probability at least 1 — €, for
any p € ML(O),

L(P. 5} < By (L(P . Xlo.m) +log(1A1/e )

n

PROOF. The exponential moment inequality (3) is a consequence of equation
(1, page 17), showing that

exp{ sup n)\/{cb,\ [L(P,6)] — L(P, 9)}dp(9) —XK(p, 71')}

peM (©)
< / exp {m{@ L(P,0)] - L(P, 9)}} an(9),

and of the fact that @, is convex, showing that

BA[L(P.p)] < [ B [L(P,0)] do(o)

The deviation inequality follows as usual. [J

We cannot take the infimum on A € R, as in Proposition 3.1 (page 16),
because we can no more cast our deviation inequality in such a way that A
appears on some non-random side of the inequality. Nevertheless, we can get
a more explicit bound from some specific choice of the set A.

PROPOSITION 3.4 Let us define the least increasing upper bound of the vari-
ance of a Bernoulli distribution of parameter p € [0, 1] as

_ pl=p), p=<1/2,
u(p) = (=) /.
1/4, otherwise.

Let us choose some positive integer parameter m and let us put

1 n
b= é_llog(Slog[(m+ 1)/6})

JuLy 23, 2014 OLIVIER CATONI



3.2 PAC-BAYES BOUNDS 21

With probability at least 1 — €, for any p € ML (O),

L(P, p) < L(P, p) + B [L(P, p), K(p, 7), €],

where
B (q,e,€) = max{\/zﬁ(q){e il loi[(m + U/} cosh(t/m)
N 2(1 — q){e + lzg[(m + 1)/6}} cosh(t/m)?.
2{6 + log[(m + 1)/6] } }
. \/ 20(g){e +log[(m +1)/e]} )

N 2{6 + log[(nm + 1)/6]} cosh(t/m)?.

Moreover, as soon asn > 5,

def
BLlog(n)Qj—l((L €, 6) < B(Q7 €, 6) =

\/2@(q){e + log[log(n)?/€] }

. cosh[log(n)™']

N 2{e + log|[log(n)?/e] }

cosh [log(n)_l]z, (4)
so that with probability at least 1 — €, for any p € ML (0),
L(P, p) < L(P, p)

. J 20[L(P, p)] {fK(p, 7) + log [log(n)2/e]}

n

cosh[log(n)~']

Q{K(p, ) + log[log(n)?/e] }

- cosh [log(n)’lf.

+

PROOF. Let us put

q= L(IP’p)’
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3.2 PAC-BAYES BOUNDS 22

K(p, ) + log[(m + 1)/6]

5: )
n

N 8log[(m +1)/e]

min — ”’L b

A:{A}n;f/m,k:o,...,m},
o 5

p:BA<Qa(5>:)1\I€1/f\(I))\1<Q+X)7

S

v(p)

According to equation (2, page 17) applied to Bernoulli distributions, for any
A€EA,
1 o

Bsp) =p = [ (A=l =po)da< g+ T,

As moreover p, < p,
o § h\
p—q< inf Uz(p) +t1= inf /207(p) cosh {log <X>} :

AEA AEA

log[(m + 1)/6]

I

AsT(p) <1/4 and 6 >

n

_2_6://\\2/\min:\/8log[(m+1)/e}.
\/ 7(p) n

Therefore either Ay, < h\ <1, or N > 1. Let us consider these two cases
separately. R R

If Ayin = min A < XA <maxA =1, then log(A) is at distance at most t/m
from some log()\) where A € A, because log(A) is a grid with constant steps
of size 2t/m. Thus

p—q < \/200(p) cosh(t/m).

If moreover ¢ < 1/2, then 7(p) < p(1 — ¢), so that we obtain a quadratic
inequality in p, whose solution is less than

p < q+ /25q(1 — g) cosh(t/m) + 26(1 — q) Cosh(t/m)Z.

If on the contrary ¢ > 1/2, then v(p) = v(q) = 1/4 and

p < q++/200(q) cosh(t/m),
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so that in both cases
p—q < /200(q) cosh(t/m) 4+ 26(1 — q) cosh(t/m)Q. (5)
Let us consider now the case when A > 1. In this case o(p) < 20, so that

p—q§@+5gzd

In conclusion, applying Proposition 3.3 (page 20) we see that with prob-
ability at least 1 — ¢, for any posterior distribution p,

L(P,p) <p<q+ max{%, V/260(q) cosh (t/m) + 26(1 — q) cosh(t/m)Q},

which is precisely the statement to be proved.
In the special case when m = |log(n)?| — 1 > log(n)? — 2,

t 1 n 1
m = 4[log(n)? — 2] log (810g [log(n)? — 1] ) < log(n)

as soon as the last inequality holds, that is as soon as n > exp(\/ﬁ) ~ 411
to make log(n)? — 2 positive and

3log(n)? — 8 + log(n) log{8log [log(n)* — 1}} >0,

which holds true for any n > 5, as can be checked numerically. [

4. LINEAR CLASSIFICATION AND SUPPORT VECTOR MACHINES

We are going in this section to consider more specifically the case of linear
binary classification. In this setting W = X xY = R¢x {—1,+1}, w = (z, ),
where x € RY and y € {—1,+1}, © = R%, and

L(w,0) = 1[(0,z)y <0].

We are going to follow in this section the approach presented in [5] and
[8].
Although we will stick in this presentation to the case when X is a vector
space of finite dimension, the results also apply to support vector machines
[11, 10, 12], where the pattern space is some arbitrary space mapped to
a Hilbert space H by some implicit mapping ¥ : X — H, © = H and
L(w,8) = 1({f, ¥(z))y < 0). It turns out that classification algorithms do
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not need to manipulate JH itself, but only to compute scalar products of
the form k(zy,z5) = (V(x1), U(x2)), defining a symmetric positive kernel
k on the original pattern space X. The converse is also true, any positive
symmetric kernel k can be represented as a scalar product in some mapped
Hilbert space (this is the Moore-Aronszajn theorem). Often used kernels on
RY are

k(z1,22) = (14 (z1,22))", for which dimH < oo,
k(z1,x5) = exp(—|lz1 — x5||?), for which dim J{ = +oc.
In the following, we will work in R? which covers only the case when
dim H < oo, but extensions would be possible.

Let us consider, after [5, 8] as prior probability measure 7 the centered
Gaussian measure with covariance 371 Id, so that

dr o (B\Y* 516>
@(9)—<%) exp(— i )

Let us also consider the function

1 +oo
o(x) = \/_2_7r/ exp(—t*/2) dt, reR
2

< i { 1 1} < x) cR
min{ ——, —¢cexp| —— 1], = )
=~ o 2 p 9 +

Let 7y be the measure 7 shifted by 6, defined by the identity

/ W) dry (¢ = / B0+ 0) dx(0).

In this case

p
:K(ﬂ-Ga 7T) = 5”9”27

and

L(w,m9) = ¢ [v/Byllz] (6, )]
Thus the randomized loss function has an explicit expression : randomization
replaces the indicator function of the negative real line by a smooth approx-
imation. As we are eventually interested in L(w, ), we will shift things a
little bit, considering along with the classification error function L some error
with margin

M(w,0) = 1[y|l=[|7'(0, z) < 1].

Unlike L(w,#) which is independent of the norm of 6, the margin error
M (w, @) depends on ||f]|, counting a classification error each time z is at
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distance less than ||z]|/[|0] from the boundary {z' : (6,2') = 0}, so that
the error with margin region is the complement of the open cone {x €
R y(0,2) > Jo]]}.

Let us compute the randomized margin error

M(w, o) = p{ V/Blyllzll 0, 2) — 1]},
It satisfies the inequality
M(w,79) > o(—+/B) L(w,0) = [1 = o(\/B)]L(w,0). (6)
Applying previous results we obtain

PROPOSITION 4.1 With probability at least 1 — €, for any 6 € R4,

L(P,0) < [1 = o(\/B)] ' M(P,m) < C(6),

where

Ci(8) = [1 - o(\/B)] B (M(P, o), 5”29”2,6>,

the bound B being defined by equation (4, page 21).

We can now minimize this empirical upper-bound to define an estimator.
Let us consider some estimator € such that

~

C1(0) < inf C1(0) + C.

fcR4

~

Then for any fixed parameter 6,, C1(0) < C1(04) + (. On the other hand,
with probability at least 1 — ¢

M(P,7.) < B (M(IP, 70.), log(el))

n

Indeed
/ exp{n)\ (M (P, 7,) — Dy [M(P,mp,)] } dpen
< /exp{nA/{M(P, 6) — &_, [M(IP,H)} d7r9*(9)} dPe" < 1,

because p — —®_,(p) is convex. As a consequence
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PROPOSITION 4.2 With probability at least 1 — 2e,

~

L(P,0) <
i 1= (V)] B (B (e, ) HRE

n

It is also possible to state a result in terms of empirical margins. Indeed
M(w,mg) < M(w,0/2) + o(\/B).
Thus with probability at least 1 — ¢, for any § € R?,
L(P,0) < Cy(0),

where

2
cutt) = [1- o (VA)) "B (m®.012) + o(v5). 2L o).
However, C'; and C are non-convex criterions, and faster minimization algo-
rithms are available for the usual SVM loss function, for which we are going
to derive some generalization bounds now. Indeed, let us choose some posi-
tive radius R and let us put ||z||r = max{R, ||z||}, so that in the case when

el < B, lz]lr = R.

M (w,m9) = ¢[/B(yllzl| (6, 2) =1)] < 2-ylalz'(0,2)), +(V/B). (7)

To check that this is true, consider the functions

f(2) = e[ VB(llz] "= = 1)].
9(z) = (2 - llzllz'2), +o(vVB),  zeR.

Let us remark that they are both non increasing, that f is convex on the
interval z € (||z|,00( (because ¢ is convex on R4 ), and that sup f = supy =
1. Since ||z||g > ||z||, for any z €] — oo, ||z]|], g(z) > 1 > f(z). Moreover,
9(2||zl|r) = ¢(vV/B) = ¢[VB(2||z]|*|z||r — 1)] = f(2). Since on the interval
(||a:H, 2Hx||R), the function ¢ is linear, the function f is convex and ¢ is not
smaller than f at the two ends, this proves that g is not smaller than f on
the whole interval. Finally, on the interval z € (2||z||g, +oo(, the function g
is constant and the function f is decreasing, so that on this interval also ¢ is
not smaller than f, and this ends the proof of (7), since the three intervals
on which g > f cover the whole real line.

Using the upper bounds (7) and (6, page 25), and Proposition 3.3 (page
20), we obtain
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PROPOSITION 4.3 With probability at least 1 — €, for any 6 € RY,

L(P.0) < [1—¢(v/3)] 'Bs ( [ (2= ylel0,2)) P, ) + (/).
3116] + 2log(rA|/e))

2n
= DoV e [0 o) + D

where )
Bliell
on\

Cs00) = [ (2= sl (0.2)),, dP(ay) +

Let us assume now that the patterns x are in a ball, so that ||z]| < R
almost surely. In this case ||z||g = R almost surely. Let us remark that
L(P,0) = L(PP,2R#), and let us make the previous result uniform in § € =.
This leads to

PROPOSITION 4.4 Let us assume that ||z|| < R almost surely. With proba-
bility at least 1 — ¢, for all € R4,

LP.0) < int [1 - p(v/B)] " 85" |204(5.0,0)

R R (SILE]

nA
where
Cy(B, A, 0) = 103()\,2}%0) = /(1 —y(0,x)), dP(z,y) + Wj
2 * nA
and
3 (q) = 11__621((__1(1)) <- i
2

The loss function Cy(\, ) is the most employed learning criterion for support
vector machines, and is called the box constraint. It is convex in #. There
are fast algorithms to compute infy Cy(A, 0) for any fixed values of A and £.
Here we get an empirical criterion which could be used to optimize also the

values of A and (3, that is to optimize the strength of the regularizing factor
BR?||0]1”

n
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In this criterion, ||#]|~! can be interpreted as the margin width, that is
the minimal distance of = from the separating hyperplane {z’ : (0,2') = 0}
beyond which the error term (1—y(0, :L‘>) . Vvanishes (for data x that are on the
right side of the separating hyperplane). The speed of convergence depends
on R?||0||>/n. For this reason, R?||0||?, the square of the ratio between the
radius of the ball containing the data and the margin, plays the role of the
dimension. The bound does not depend on d, showing that with separating
hyperplanes and more generally Support Vector Machines, we can get low
error rates while choosing to represent the data in a Reproducing Kernel
Hilbert Space with a large, or even infinite, dimension.

We considered so far only linear hyperplanes and data centered around
0. Anyhow, this also covers affine hyperplanes and data contained in a non
necessarily centered ball, through a change of coordinates. More precisely,
the previous proposition has the following corollary:

COROLLARY 4.5 Assume that almost surely ||x — c|| < R, for some c € R?
and R € R... With probability at least 1 — ¢, for any 0 € R%, any v € R such
that ._IIlliIl 0,2;) <~ < max 0, ),

.......... n

/]1 [y({6.2) = 7) < 0] dP(ey) < inf [1 — o(v/B)]

log(|=] [Al/¢)

inf & {26'5@7 X 0.7) + o(\/B) + - ;

A€A

where
ABR%||0]*

n\x
PROOF. Let us apply the previous result to 2’ = (z — ¢, R), and 0’ =
[0, R71((0,c) —~)]. We get that [|2/|*> < 2R* and ||¢]|* < 2[|6]|?, because
almost surely —[|0]| R < essinf(0, z—c) < v—(0,¢) < esssup(d,x—c) < ||0|| R,
so that almost surely, for the allowed values of v, ({6, c) —7)2 < R?||0||*. This

proves that Cy(8, A, 0") < C5(8, A, 0,7), as required to deduce the corollary
from the previous proposition. [J

Ca(B00,7) = [ [1=(0.0) )], dBlap) +
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