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General purpose

Illustrate the use of PAC-Bayesian inequalities to derive dimension free
concentration and complexity bounds.

A general formulation of PAC-Bayesian inequalities

Consider & : Tx W — R measurable, 7 € M!(7T) a prior on the parameter,
WeWa random_ variable and (W1, ..., W,), a sample made of n independent
copies of it. Let Py = % ", 0w, Forany 1> 0

} ‘1

sup sup{/ min{n, —n/lFW[h(G',W)]
pentl(7) neN

- nlog[IPW(exp[—/lh(H’, W) )] } dp(8') = K (p, 77)}
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General purpose

Illustrate the use of PAC-Bayesian inequalities to derive dimension free
concentration and complexity bounds.

A general formulation of PAC-Bayesian inequalities

Consider 4 : T x W — R measurable, 7 € M!(7) a prior on the parameter,

W € W a random variable and (Wi, ..., W,), a sample made of n independent

copies of it. Let Py = % ", 0w, Forany 1> 0

Pw,....w, {exp sup {/ —nAPy [h(@',W)]
PEML(T)
- nlog[IPW(exp[—/lh(H’, W)])] dp(0") - K(p,ﬂ)} } <1
Usage

P(X) <0 complexity bound

IP[exp(X)] <l= 1 .
and IP[X <log(é~ )] >1-06 concentration bound.




Mean estimation and Gaussian concentration

Aim
Given n independent copies (X1, ..., X,) € R®>" of X € RY, estimate P(X).

Gaussian concentration
Assume that Py = N(m, ). With probability at least 1 —

[P - ]P(X)||<\/W \/2||2||0p10g(5 3

PAC-Bayesian proof

Write [P(X)I| = supy, g1 [ P((0", X)) dpo(6"), where pg = N(6, 5L,).
Assume w.l.o.g. that P(X) = 0. Take 7 = po, to get w.p. atleast 1 — §

Pl AP (IX)1%) 1 log(671)
P(x - Py ({0, X)?
” 0] < 24 i‘;rn):l x(0.X)7) + 2 T oo T m

and optimize the choice of A and 0.




Robust confidence region

To get a sub-Gaussian estimate of (6, IP(X)), from a PAC-B. inequality,
assuming that X is already nearly centered, we need

log[IPx(exp[—/lh(H’,X)])] < —APx((8". X)) + %Z]PX(<6’,X)2).

This is the case when

/12
—1h(6',X) < log(l — 0, X) + ?(0’,X>2)

and we can take 2(6’, X) = A7y (10", X)), where ¢ (1) = T 5 (1) — %Tﬁ(t)3,
with T(7) = min{s, max{-s, t}}.



Robust confidence region

Assume that P(||X]|?) < oo.
W. p. atleast 1 — ¢ for any 6, ||0|| = 1,

0. P(X)) - A" / B (4 (A(6. X)) dpa (8')

A02P (|| X2 -1
N (1111 )+ 1 +10g(5 )_
2 2nlo? na

Let G = Px(XXT). For optimal values of A and o, w. p. at least 1 — 6,

-1
sup [(6, P(X)) — .0 (0)] < 1| D) \/2||G||0p10g(5 )
0,l16|=1 n -




Robust estimator

Mean estimator

If m € arg min
m

sup ((G,m) - 8,1,0(9))}, w. p. at least 1 — ¢,
0,]10]1=1

Iz -PX)| <2 \/@+\/2IIG||0prllog(5—l)

Note that the lack of centering, resulting in the presence of the Gram matrix G
in place of the covariance matrix X is not crucial and can be fixed using a split
sample scheme.




A simpler estimator

Threshold the norm

Consider () = min{1,¢},7 € Ry and put ¥; =

estimator 1 = Py(Y).

(1)

AsO0<1- < inf

y(ANXill)
————X;. Define the
x|

p

[P(Y) - P(X)|| < inf

P
t p2lp+1ip+1

AP p ’
pxlp+1\p+1

I

sup Py ([IXII"(6, X — m)-)

6,1161=1
p p
+ inf — | P(IIXIIP .
inf | | RO




A simpler estimator

Control the exponential moment

[ 108 (Brlexpluace’. v - pv))] ) apo @)

< log[/ Py [exp(ud(6’, Y —P(Y)))] dpg(@')]

= log[IPy(exp[,u/l(Q, Y-P(Y))+ ,112/1220'2 ||Y - IP(Y)”Z])]
N

<2u

< 2’0
2/12
< 220 5Py ((0.Y - P(1))?)

2/120_2

+exp(2u)gr (220)) Py (IlY - P() ),

where g1 (¢) = ¢! [exp(t) - 1] and g, (1) = 2172 [exp(t) -1- t] are increasing
from g;(0) = g,(0) = 1.




Generalization bound

Assume at least that Py (|| X||?) < oo.

| i . i 2log(671)
Consider X = Px[(X - IP(X))(X —P(X)) | and putd = 4 m'

With probability at least 1 —

(2 24||2||oplog(6 D) Cp G
I - PO < +inf 0 +inf 0,

where

G =

1 ( 4p )p(Zlog((S‘l))p/2
p+1lip+1 L.2[1Z]|op

1 4p \P(21oe(5-1)\P/?
(pfl) (1;?(2”0:) IE’X(HXII")||]P(X)||

sup P ([1X[1740, X - P(X))-),
0€eS,

C =
Pop+1

1+ |[PX)|

0.61log(6°1)
||2||opn .
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The quadratic k-means criterion

Aim
Given ar.v. X € H a separable Hilbert space, minimize

Rcty...,cr) = Px(jéﬁlfgﬂllX = Cj”z), (cty.--,s Ck) € Hk,

in view of (X1, ..., X,), made of n independent copies of X.

Interpretation in terms of probabilities

Consider (X,Y) € Hx RN, where Py|x = ® N((X, i), 0'2). Define
ielN
09 e ML (H x RN) by Q}((C) = Py and Q;CI)X = ® N({ce(x)s e}, %), where
ielN
£(X) = mi { in [|X - ¢; }
(X) = min argjgﬁ;f}cﬂll Gl

R(c) = 207K (QY)y. Py y).-




A robust criterion

Obtained by optimizing Qx

def : )
R(c) & ]Px(jgﬁl}ﬁﬂ"x il )

> 207 inf K (Ox, v, Px,v)

QeML(HxRN) : QY\X:Q;C\)X

1
= 207 logIPX[exp(—z— [[llr]l(]]HX—CJ” )]

> 20'21PX[1 - exp(—i Iﬁl}riﬂ||X— qll )] & C(c).




Robust Lloyd’s algorithm

An exponential weights update scheme

For any ¢ € H*, define updated centers ¢’ € H* as

| Pricws|Xexp(-z5 X - o) |

¢ =
J
Px | ¢.(x)=j [eXp(——ztsz IX - lelz)]

>

where £.(x) = min{arg 'Iﬁllil}c]]”x - cj||}. It is such that C(c¢’) < C(c). More
Jelt,

precisely

1 , 1 [
~log(1 - 55€(c") < ~log(1 - 55€(0)) = 75 @k (Il oy ~ ce.o )

do: 1
where % =z exp(—mﬂx —Ce.(X) ||2)-




A linear interpretation of the robust criterion

Using the kernel trick
There is a mapping ¥ : H — J another separable Hilbert space, such that

1
eXP(—mHX —y||2) =(P(x),Y(y)), x,y € H.
Putting 6; = =¥(¢;) and W = ¥(X), we obtain that

C(c) = 20'2[1 + IPW( el’ﬁl]ln (0, W)g{)]

where 6; and W belong to the unit sphere of J{.




PAC-Bayesian bound for some linear k-means criterion

Observable upper bound

Let W € H be a random vector in a separable Hilbert space and let
(W1, ..., W,) be nindependent copies of W. Let ® € H* be a bounded

k 1/2
measurable set of parameters. Let ||®] = sup{(leGjHZ) :0¢€ @} < 00,
j=1
Assume that IPW( rﬁlin]](ej, W) € [a,b] forall 0 € @) = 1 and that
jel 1.k

[|W]|oo s supp,, [|W]| < co. For any k > 2, any n > 2k and any 6 €]0, 1], w.
p. atleast 1 — ¢, for any 6 € O,

_ ) ' log(n/k) |8log(k) \/log(k)
(IPW_IPW)(jErmH<e,,w>)s(1Og(2) 2y == |0l Wil
) \/<v§+ D(k(b-a)* + jlog@k)nwn%on@n% 20D,




PAC-Bayesian bound for some linear k-means criterion

Excess risk upper bound
For any 8* € ®, w. p. atleast 1 — ¢, for any 6 € O,

(B = Pw) (i, . W) = min (5], W)

<B def log(n/k) 81og(k log(k
" | log@ ¥ N
) \/(x/§+ Dkt =0 +2og(eIVIRIOIR) , [PosGT),_,,

1O IWlleo




PAC-Bayesian bound for some linear k-means criterion

Consequences for € minimizers

Assume that the estimator 8| (Wi, ..., W,) € O is such that

FW( min @}, W)) < inf FW( min (6, W)) +e, Pw,..w, as.
Je[[1,k] 0e® Je[[1,k]

W.p. atleast1 — ¢

]P( i 5-,W—'f]P( ' 0-,W)§B+.
Wjer[l[lll,rilc]]<’ )~ Wjerll[lll,lllc]]<’ ) nre




PAC-Bayesian bound for some linear k-means criterion

Expected risk of € minimizers

L (log(n/k) 8log (k) +2\/1°i(k) 1O W]l

log(2) n

\/ (V2 + 1) (k(b — a)? + 2log(ek) [ W2 [1©]2)
+ + €.

n




Consequences for the robust k-means criterion

Uniform deviations of the empirical robust criterion

Let C(c) = 20 Py

1
1 —exp(—ﬁ min X~ g )} c e H-.
For any k > 2, any n > 2k, any 6 €]0, 1[, w. p. atleast 1 — ¢, for any ¢ € HF,

log(n/k) [8klog(k) , \/klog(k)
log(2) n " n

+\/(\/§+ 1)k(3 + 2 log(k)) . [log(5-1) )
n 2n
) klog(k) \/log(é‘l)
-7 O(IO (k)\/ n n )

C(c) = C(c) < 2(72(

y




Consequences for the robust k-means criterion

Excess risk bound

For any ¢* € H*, w. p. at least 1 — §, for any ¢ € H,

N af , o[ log(n/k) [8klog(k) \/klog(k)
Clc)=C(c")-C(c)+C(c) £ B, = 20 ( log(2) " +2 -

+\/(\/§+1)k(3+210g(k))+ /2log(5-l))
n n ’

y




Consequences for the robust k-means criterion

Consequences for e-minimizers

If (X1, ..., X,) is such that G(7) < infk C(c) +e, Py,
ceH
1-0,

.....

X, a.s., W. p. at least

C(c¢) — inf C(c) < B, +e€.
ceHk

In expectation,

log(n/k) [8klog(k) , \/klog(k)
""" ; log(2) n * n

\/(\5+ 1)k(3 + 2log(k)) )
+ + €.

n




Consequences for the usual k-means criterion

In expectation
Let R(c) = FX( min [|X - cj||2), c e H*.
JelL.k]

Assume that P(]|X|| < B) = 1.

For any k > 2, any n > 2k, any estimator ¢ € arg mink R(c),
ceH

klog(k)
—




Proof of the linear k-means bounds

Gaussian perturbations

e Assume w.l.o.g. that H = 2.

k
® Let pgr|o = ®(® N8, /32)) F(RY)E — ML (RN

j=1 \ielN
S N N
lim 0w, when m Ow; = lim Z O,w; € R,
o Let (0, w) = {57+ = ST =
0, otherwise

be a non bilinear but measurable extension of the scalar product from £ to
RN,
@ Introduce f(6,w) = rﬁlin]](ej,w), 0 e (RM* weRN
Jjel 1.k

o and the centered loss function (6, w) = £(6, w) — Py (£(6, W)).




Proof of the linear k-means bounds

PAC-Bayesian chaining
@ Write
(Pw —Pw)f (0, W) = (Pw = Pw) (3¢ 10 — por 10)f (8", W)
———
P small perturbation
—1 ’
+ZIPW ]PW qu/|9_P%9qr|9)f(9,W)
q:1 N——
chain of intermediate scales
+ (IPW = IPw) ngp, | gf(g/, W)
——
@ Remark that big perturbation
8010 = Por (o) (8, W) = pey o min (6, W) — min (6], W))
(6o 16— poria)f( ) =por|e jeﬂl,k]]< i W) je[[l,k]]< W)
< pg,w( max_(6; - 0/, W>) < V21020 | W||e.
JElLA] 5
Gaussian/p




Proof of the linear k-means bounds

Chaining inequalities
e From the PAC-Bayesian inequality applied to
h(0,w) =(6¢' 10 — por10)f (', w),

nA(Pw = Pw)(por 1o = g | o) (0", W)

Pw,,...w,i€xp sup
e (L)

—npe e [log(IPW [exp(—/l(égu o — Po | 9/)]_”(0”, W))] )]

_ lleg? } |
NI
@ This gives 2B

zug (Pw —Pw) (por 10 — £ 1o)f (8, W)}

Pw,,....w,

le|*
= [WlllO]

8log(k)
< 4182 log (k) ||W||2 —_—.
< 447 log(k) | ||o<,+2nw2 = "




Proof of the linear k-means bounds

Bounding the biggest perturbation

log(1 +x+x%/2), x>0,
—log(1 —x+x%/2), x<0,
a+b

2

e Consider ¢ (x) = {

° andf(@, W) =f(6,W) -
@ Remark that
(]PW - FW)Pe' laf (6", W) =
por 10| Puf (0", W) - Py (2w [47(6, )] )|

+po P | [TE W] -F(@'. W) .

<5 [ - /4+210g(ek)||Wlliﬁz]

since |x— “’(x)|—4<1+\f> xeR.




Proof of the linear k-means bounds

PAC-Bayesian inequality with an influence function

@ Take h(0,w) = /l‘la,l/[/lf(é?, w)] to obtain
—ndpy o Pw (w476, W)])

1og(]PW[exp(—w[A]7(0’, W)])])] - %]} <1.

o Usey(x) < log(1+x+x?/2), x &R todeduce

Pw,,....w, sup exp
6e®

—npe e

P, . ,Wn{zggpa' 16 [Pw(f(e', W)) - FW(/l_llﬁ[/lf(@', W)])]}

o]?
2nAB2°

< /l[(b —a)?/4+ 2log(ek)||W||§oﬁ2] +




Proof of the linear k-means bounds

Putting all together

@ For the biggest perturbation we get

Pyw,, ... ,Wn{sup (]PW - Fw)pép, 16f (0, W)}
(SC)

<
/lopt

@ Putting all together

Pu.....w, {sup (Pw — Pw)f (6, W)} < 22102 (0B Wil

0e®

J (V2 + 1) (27825 ~ a)? + Blog(eh) IWIIZ ) IO
4n '

+

J (V2 +1)(278-2(b - a)? + Blog (e WIIZ IO
4n

o Choose 8 = ||©]|/V2n and p = |log(n/k)/log(2)].




Proof of the linear k-means bounds

Deviations
According to the bounded difference inequality, with probability at least 1 — ¢

sup (Pw — Pw)f (6, W)

0e®
_ -1
< Py, . ,Wn{sup(lPW —Pw)f (6, W)} + \/ML(‘S)@ _a).
0e® n
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