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@ Estimate the Gram matrix

G [ 227 dP(z),

or equivalently the quadratic form
N(O) =67 Go = /(m,9>2dP(x)

for all # € $4, the sphere of R?, from an i.i.d. sample
(X)iy ~ PO,
@ Estimate

argerél]ipg/(y— (0,$>)2dP(:r,y).

from an i.i.d. sample (X;, Y;)" , ~ P®"

@ We will assume that

[zl 4P (z) = Te(6) < +x.



Robust Gram matrix estimate

Let us introduce the influence function
log(2), z>1,

Y(z) =< —log(1—2+22/2), 0<z<1,
—¢(—Z)a z2<0



Robust Gram matrix estimate

2+ 1 (z), compared with z — z
2z log(l+2+22/2), and z — —log(1 — 2 +22/2)



Robust Gram matrix estimate

It is symmetric, non decreasing, bounded and satisfies for any
z€R,

—log(1—z+2%/2) <4(z) <log(1+2z+2%/2),
—log(2) <1(z) <log(2).

1>
LetP:—E dx, and

n 4

1=1

n(®) =21 [6[A(0.) 1) dP(a),
where A > 0 will be chosen later. Let us consider the estimator
N(#)=a(0)"2, where a&(f)=sup{aecR; :r\(af) <0}
This makes sense since

lim 73 (a0) = a2/<9,x>2dﬁ(x) _1



Proposition
[0.2)dp(a),
Let us assume that kK = sup

00 ( / (9,x>2dP(a:))

let us put A=

5 <00 and

(r _21)n [log(e—l) +0.73 d} .

For any € >0, any n such that

2
n> (20\/@+ @ — )\/2 1) [log(e~ 1)+073d]> :

with probability at least 1 —2¢, for any 6 € R,

N(0) _1‘ oI
N(9)

—1-2u’
2(k—1 2kd
where = (=1) log(e=1)+0.73d| +6.81 e
n n




Obtaining a true quadratic form

Let us assume that with probability 1 — 2e,
B.(0)<N(®)<B(9), 0cR™

We can take for example

Mo (1- 15 ) <vo < RO (1+ 45

1—-2u 1—-2u
Let © C R? be any finite set (e.g. a d-net of $4). Let

G=Ye@)p0", whereéeargmin% S E(B1)E(02) (01,62

0cO (01,02)€02
0)+ 5+ 0 By (6)~ B_(0)
- —_ T 0)| —————.
g; +EO)I=



Obtaining a true quadratic form

Then with probability at least 1 —2e,
|GlF ¥ Ir(GCT) < Tr(GGT) < Te(G)”
so that
0y GOy — 0 GOy < |61+ 65| Tr(G)[|62— 61|, 61,02 € RY,

and
B_(0)<0TGO<B.(H), 0OcO.



Proof

G minimizes

sup §”GHF
€406 >0
+) &4(0) ) =07 GO +£-(0)[07 GO — B4(0)]
6c6

and there is no duality gap, so you can minimize in G first and
then as £, (0)¢_(0) =0, you can assume that £_(6)¢4(6) =0 and
introduce £(8) = &+ (6) —€_(6), so that |£(0)| =& (6) +£_(0).



Proposition

Assume that B, ;_(0) =||0|| By, (/|0]|'0) and are continuous
functions. With probability at least 1 —2¢, for any n > 0, there
is 0 > 0, such that if © is a d-net on the sphere 34, then

B_(0) = n]l6]* <07 GO < BL(0) +nl0]*, 6 R".



The empirical Gram matrix estimator

Here we consider

G= /mT dP(z) and N () =6" G6.

Remark that, with probability 1 —e¢, for any 6 € $4, N(G) >0,
and therefore

[o[@.228 0 - 1)] aP() o,

so that




The empirical Gram matrix estimator

Proposition
With probability at least 1 —e,

A2 N3 = N(6)
- (1—<9,x>2N(9) 1)+dP(ac)§ N(g)—l
2 o~ J—
<% (02RO 1) dPla),
where

2[log (e~ 1) +0.73d]
(k—1)n

A2 =



The empirical Gram matrix estimator

Considre R =maxj—1, /|| G_1/2Xi||. With probability at least
1 — 2€, for any 6 € R?,

by < Oy L0
N(0) 11—~
where
L 2[log(e 1) +0.73d] 4 )
— - = d vy =~v_R*(1406°).
o 1_2M7 v 3(/1-1)” ) and 7y4+ Y (+ )



The empirical Gram matrix estimator

Moreover, when, for some exponent p €]0,1],

E{exp|§ (I16712x P - —n”)” <1,

with probability at least 1 —e,
2/p
R4 < (210%(277)/6) +dP _1_771)) ]

When X € R? is a Gaussian vector, for any o €]0,1], with
probability at least 1 —e,

R < (210g(n/6) + dlog[(1—a)™!] )2.




The empirical Gram matrix estimator

Polynomial moment assumptions: Define

-1/ 1/2
¥ =y-(1+46)3 [E(HGI/2XH6)+<E(HG 1 2XH12)> 1
S—

ne

>d3

With probability at least 1 — 3¢, for any 6 € $4,

O+ _N@) bty

1+5. ~N@©O)  ~1-7_

Proof.
Remark that (6, X;)% < N(0)||G~/2X,|?, so that

/((0,33)2N(9)_1 - 1)idP(x) < (1+5)3/||G-1/2X\|6dﬁ(z),

and conclude using the Bienaymé Chebyshev inequality.

O
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2+ g(z), compared with 2+ 23/3



Least squares regression with a random design

Solve

nf [ (y- (6,2))°dP(z,y), where P € .} (R x R),
€

knowing an i.i.d. sample (X;, Y;) .o Xi € R?, Y; € R.

i=1,...

Introduce the risk function
R(G):/(y—(@,x})QdP(x,y), 0 e RY,

and the homogeneous quadratic form

N(0,7) =/(w—<97w>)2d1°(w7y),

) P o)) e

def
=G




Least squares regression with a random design

Let 6, € argmingcga R(#) = argmingcga N(6,1).
Assume that we have some estimator N (6,7v), such that with
probability at least 1— 2¢, for any (6,7) € R4+,

]1/(977) — 1‘ <
0,v) I

Consider 6 € arg mingegra N(6,1). With probability at least
1—2¢,

(1-n)N(0—6.,0) < N(0—6.,0) = R(A) — R(6,)




Least squares regression with a random design
Let us remark that in any case,
R(0.) S/deP(y),

and that in the case when Y; = f(X;)+ WZ7 where W; is
independent of X;, centered and E(W;) = o2, then

(0 < [ (@2 aP(@) +0* < |/ |+ 0™
whereas when Y; = (6., X;) + W;, then R(6,) = 0?. Remind that

when N (0,7) is the robust estimator described above, 1 can be
taken arbitrarily close to

2/<ed
n

2p

2(k—1)
P wh By e h— | -1 1
gy Where s \/ - [log(e~1)+0.73d] +6.8



Proof

Remark that ( - ( ) =0, for any £ € R%.

)

(o)

_ { 1( OTG*)G<>, £cRY, <§>G<§>:p2}2
“erle” (f () CeRINE0 =)

1 I R d 22
= {4 N(O+E1) - (9—5,1)}, §€R,N(§7O):p}



=2N(8,1)+2N (£,0)

< 51113{277 [N(@ 1)+(1 —U)_IN(&O)} N(£,0) = p2}2

A

_B(N@l)+p

p 1—

Taking p = N(6,1)Y/2(1—n)/2, we get

R(O)~R(O.) < TN (@,D)

3k



Estimation of parameters

The kurtosis coeflicient x can be deduced from a separate
analysis of the distribution of X and of the distribution of the
"noise” Y — (0, X). Indeed

i sy ElOY-0X)
GeRd,weRE[(VY*<97X>)2]2
E[(Y — (6., X))"] . E((6, X)%) }
E[(Y — (0., X))°]* vert E((6, X)2)* )

< 4max{



Estimation of parameters
To analyse the empirical risk minimizer 5, we need a bound on

the empirical Gram estimator N (6,~). Assume that, for some
exponents p, g €]0,1] and some constants « > 0 and 3 > 0,

E{exp[g‘(uawxﬁp —a —np)}} <1,

_ 2q
E{expE(E([(i, _<fgj§(>§)2]q -1 —’Yqﬂ} <1.

Remark that

3

L& (vYi—(0.X))”
nz< N(6,7) _1>+

i=1

N(0,7) (vY; — (6, X))

— ma. 1+6)%
B N(evf)/) ’i:l,..).(,n N(0a7)2 ( )




Estimation of parameters

Remark also that

(VYi+(6,X,))" <4max{ (Yi— (6., X))
N@q~)? T (f(y— (8, 2))2dP(z, y)

< 4max{ (dp+77p+2a_1 Iog(n/e))z/p, (1+7q+2f3_1 log("/e))2/q}

)2,HG‘1/2X¢\4}

Consider

Fi = 4dy_(146)?
xmax{(dp+77p+20é_110g(n/6))2/p,(1+7q+25_110g(n/6))2/q}’

With probability at least 1 — 4e, for any (0,7) € R4*1,

N@.y) | 9+

—0 -7 < = .
= N(@/’}/) N 1_7—



Estimation of parameters

Polynomial moment assumptions. Define Gy = E(XX ), so

-
that 07 G40 = <g> G (g) and consider

(|G;”2X||12>>”2

ne

B E
ﬁ+=8v(1+6>3max{E<||Gd ix “6)+<

E[(Y—@*,X))G} +< E[(Y—<9*,X))12] >1/2}
(07— 0.3 Bl (0. )

With probability at least 1—4e, for any (6,7) € R¢ x R,
0+-

0.7 < ‘

44 _ N(O -
(6,7) -

L+9+ —

N
N



Dimension free bounds (llaria Giuling)

With probability 1 — 2e¢, for any 6 € $4, and some robust
estimator N,

p(N(9) Vo)
1—4u(N(@) Vo)’

O

where, for n <1020,

u(t) = \/2.13(:—1) [log(€1)+4'64+0.73 xt’I‘r(G)}

1185 Tr(G)
nt ’

and o is such that 8u(o ) < 1. Let us recall that
/ |z||? dP(z N(0;), for any orthonormal basis

(91,1<’L<TL



Proof of main result

Replacing R?¢ by Im( @), we can assume that Ker(G) = {0},
without loss of generality. For any A > 0, any z,60 € R¢,

P{A[0,2)2-1]} < /10g{1ﬂ{<9/’x>2_ 1 II?Q]

Nl o _||~7?H22 Azl o el } ,
+5 [<9,x> -1 } + ((6,90) + 25) dr(6),

where g = A4 (0,37'G~1) is a Gaussian perturbation of the
parameter 6 and

15 <1+2x/§

c= 810g(2)(\/§— 0 exp 5 ) <44.3.



Proof of main result

Let v e ///i(@) be a prior probability measure on the
parameter space ©. Under suitable assumptions, with
probability at least 1 — e for any posterior probability measure
p € M1 (O) such that ¢ (p,v) < +oo,

/logl—i—f(xH)]dp dP(z //fxﬁ dp(0)
> >—log<e>.

n

—+




Proof of main result

With probability at least 1 — 2e, for any § € R?,

EIN@O) — 12+ (1+w) [N(@O) —1] +p,
—€[N@O) - 12+ (1 - w) [N(B) ~1] —,

A(0)
A(0)

IN

v

A
where £ = % We end the proof by showing that when

N(0) > 0, with probability 1 —2e¢, r\(af) =0 and solving the

N(0
resulting inequalities in N (af) = A( )

N (o)
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sort(DeltaR2)
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200 400 600 800 1000
R(thetaRobust) — R(thetaStar) = 1.07498 +/- 1.05498
R(thetaEmp) - R(thetaStar) = 1.78491 +/- 2.16391
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